A novel class of exact solutions of inflationary dynamics with a specific form of a scalar potential is given based on a "fast-roll" ansatz, where the even-order slow-roll parameters approach to a nonnegligible constants while the odd ones are asymptotically vanishing in the quasi-de Sitter regime. Due to the rapid evolution of the background dynamics, the would-be decaying mode of the linear curvature perturbation may behave as a growing mode depending on the value of the model parameter, while the other mode remains constant. For the parameters giving a slightly redtilted primordial power spectrum, the unwanted anomalous growth of the curvature perturbation is inevitable, which is similar to the case of the so-called ultra-slow-roll inflation.
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I. INTRODUCTION
Inflationary paradigm [1] [2] [3] [4] [5] [6] is an imperative piece of modern cosmology. The most common way to realize a quasi-de Sitter expansion is to employ a scalar field with a nearly flat potential and consider a slow-roll solution of the field equations. One can also realize inflationary expansion without introducing such an inflaton scalar field by upgrading the gravitational action from the Einstein-Hilbert to a nontrivial function of the Ricci scalar, f (R). However, using frame transformation, f (R) type inflation can be recast to the Einstein-Hilbert action with a canonical scalar field dubbed scalaron with its potential defined by the form of f (R). In this picture, R 2 inflation [1] , including its generalization to accommodate dark energy [7] [8] [9] or to consider a small deviation from it [10] [11] [12] , generate primordial fluctuations as the scalaron slowly rolls over a nearly flat potential, too.
Given that slow-roll models with nearly flat potential yield a simple explanation of inflation, it is natural to ask what happens if we consider a potential with exactly flat region. The slow-roll approximation usually assumes that in the Klein-Gordon equation for the inflaton given bÿ
the second derivative termφ is negligible compared to other terms. On the other hand, for exactly flat potential, the derivative of the potential V φ is absent, so we end up withφ + 3Hφ = 0. The case such a situation is temporarily realized during inflation was investigated in [13] where evolution of curvature perturbation and its final expression was given. The case V φ = 0 holds for an extended period was considered in [14] and named as the ultra-slow-roll inflation. Though only difference of the inflaton potentials is nearly flat or exactly flat, the ultra-slow-roll inflation possesses several remarkable differences from the standard slow-roll inflation. Contrary to its name and naive anticipation, in this model the slow-roll approximation breaks down. It is also interesting that the curvature power spectrum evolves on superhorizon scales [15] . Furthermore, it was pointed out recently that non-Gaussianity consistency relation for single field inflation is violated [16] .
Motivated by these phenomenologically interesting features, the ultra-slow-roll inflation was generalized in [17] . Starting from an assumptionφ + (3 + α)Hφ = 0, where nonzero α implies deviation from the ultra-slow-roll model, they derived a potential that satisfies the assumption approximately. However, it is actually possible to construct an exact solution under their assumption, which is the main topic of the present paper. Since the slow-roll approximation breaks down in this class of models, we believe that the terminology is rather misleading. Thus we simply call this class of models the 'fast-roll' inflation, instead of the ultra-slow-roll inflation.
This paper is organized as follows. In §II, we construct the fast-roll inflation potential. We show that it is possible to derive exact solution for inflationary dynamics without assumptions made in the literature. In §III, We explore scalar perturbation generated during the fast-roll inflation. We conclude in §IV. Throughout the paper, we will work in the natural unit where c = 1, and the metric signature is (− + ++).
II. FAST-ROLL INFLATION
We consider inflation driven by a minimally coupled scalar field defined by the action
Working in the flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric, the Friedmann equation and the equation of motion for the scalar field are given by
where a is the scale factor, a dot denotes the derivative with respect to t, H is the Hubble parameter H ≡ȧ/a. Inflationary evolution is characterized by the slow roll parameters:
In the slow-roll inflation, the slow-roll parameters are small, |ǫ n | ≪ 1, and the first terms of the right-hand side of (3) and the left-hand side of (5) can be neglected. As a result, a slightly red-tilted power spectrum of the curvature perturbation may be obtained depending on the functional shape of the potential during quasi-de Sitter expansion regime. Here, instead, we are interested in a different regime where V φ is negligible in (5) . Following [17] , we adopt an ansatzφ
for an arbitrary value of α. The exactly flat potential corresponds to α = 0, and the standard slow-roll approximation to α ≃ −3. Thus this condition bridges these two regimes. In [17] , by neglectingφ 2 term in (3), they derived an inflaton potential which satisfies the ansatz (7). However, in this paper, we shall show that we can actually construct an inflaton potential which provides the relation (7) without any approximation, and we can solve its dynamics fully analytically.
In order to solve the system of equations (3)- (5) with the condition (7) analytically, we consider the Hubble parameter as a function of the inflaton field H = H(φ) and use the Hamiltonian-Jacobi formalism. This approach is applicable as long as t = t(φ) is a single-valued function. SinceḢ =φdH/dφ holds in this language, we rewrite (4) aṡ
Plugging the time derivative of (8) to (7), we obtain the differential equation for the Hubble parameter with respect to φ,
The solution is given by
where M is an integration constant and we absorb another integration constant by redefinition of φ. The energy scale M determines the amplitude of the power spectrum of the curvature perturbation. Now we derive a potential which allow the above exact solution by using (3), (8) , and (10), (11), and its exact solution for (b) inflaton φ, (c) Hubble parameter H, (d) scale factor a, and slow-roll parameters (e) ǫ1 ≡ −Ḣ/H 2 , (f) ǫ2 ≡ǫ1/Hǫ1, for α = −0.5 (blue solid), 0 (red dashed), 0.5 (yellow dotted). While ǫ2 approaches to −2(3 + α), which is not necessarily negligible, the Hubble parameter approaches constant and the scale factor evolves as exponentially. The higher slow-roll parameters are given by ǫ2n+1 = 2ǫ1 and ǫ2n = ǫ2.
We present the potential (11) in Fig. 1 (a) for α = −0.5 (blue solid), 0 (red dashed), 0.5 (yellow dotted). Clearly, α = 0 yields a flat potential and it reduces to the case of the original ultra-slow-roll inflation.
The evolution of inflaton is derived as follows. By substituting (10) to (8), we obtaiṅ
and its solution is given by
where we absorb an integration constant into the redefinition of t. The evolution of inflaton is depicted in Fig. 1 (b) . The field value monotonically decreases and approaches to the origin. For the case of α = 0.5, the inflaton climbs up the potential and approaches to the top of the potential at the origin. Plugging (13) to (10) , the Hubble parameter is expressed as
and the scale factor is then given by
where we absorb an integration constant by the definition of the normalization of the scale factor. We note that the Hubble parameter approaches constant as time goes by, which leads to de Sitter expansion of the universe, i.e. a(t) ∝ e Mt for M t ≫ 1. The Hubble parameter and the scale factor are displayed in Fig. 1 (c) and (d). We can also express the conformal time τ = dt/a analytically in terms of the Gauss' hypergeometric function
where we fixed the integration constant to make τ → 0 as t → ∞.
The above derivation has been done fully analytically. Let us check that the slow-roll approximation indeed breaks down in this model. It is easy to show that the second slow-roll parameter is nonnegligible by plugging ǫ 2 = 2ǫ 1 + 2φ/(Hφ) and (7). This fact has been pointed out from the beginning of this class of models [14] . Our exact solution allows us to see the violation in higher order slow-roll parameters. The first slow-roll parameter ǫ 1 is given by
and for higher order slow-roll parameters ǫ n with n ≥ 1 are given by
We show their evolution in Fig. 1 (e) and (f). In particular, for M t ≫ 1,
Thus, the odd slow-roll parameters asymptotically approach to zero, while the even ones approach to −2(3 + α), which is not necessarily negligible, rather, ǫ 2n can be of order unity. Thus the slow-roll approximation clearly breaks down. Nevertheless, the Hubble parameter approaches to a constant H ≃ M and the scale factor grows as exponentially. This is why we refer the model as to the fast-roll inflation.
We proceed to check whether our exact solution is an attractor solution or not. We numerically solved inflationary dynamics under the assumption (7) with various initial conditions and obtained the phase space diagram as depicted in Fig. 2 for different α. The top left panel of Fig. 2 for α = −0.02 shows a typical attractor behavior where the phase space flow converges toφ = 0 and φ = 0. This implies that the inflaton approaches to the global minimum of the potential at φ = 0. Thus the analytic solution with negative α is an attractor. The top right panel for α = 0 of Fig. 2 shows phase space flow converges various points depending on initial conditions. This is not surprising because we note that for α = 0 the potential is exactly constant V = 3M 2 M 2 Pl , so it is invariant under translation φ → φ + c. The scalar field moves on the flat potential with Hubble friction, and it eventually stops at a point which depends on an initial condition. In this case, we need to recover the integration constant for our analytic solution (13) and determine it according to an initial condition. Finally, the bottom panel of Fig. 2 for α = 0.02 shows that the inflaton goes toφ → ±∞ and φ → ±∞, respectively. The analytic solution for positive α is not an attractor. This is obvious because the potential is not bounded from below. The scalar field rolls down to φ → ±∞ since V → −∞. Hence, we need to make fine-tuning of the initial condition for scalar field obeying the analytical solution (13) for positive α. 
III. EVOLUTION OF CURVATURE PERTURBATION
We consider the curvature perturbation ζ k in comoving gauge where the fluctuation of the inflaton vanishes δφ = 0. The evolution of the mode function v k ≡ √ 2M Pl zζ k with z ≡ a √ ǫ 1 is governed by the Mukhnov-Sasaki equation:
where a prime denotes a derivative with respect to the conformal time τ . The potential term z ′′ /z is exactly expressed in terms of slow-roll parameters:
We can solve (20) by the standard treatment of the slow-roll inflation except that ǫ 2n is not negligible whereas ǫ 2n−1 is. Starting from the subhorizon regime where
We choose the Bunch-Davies vacuum,
which possesses the minimum energy. As the mode k approaches to the horizon crossing, the potential term z ′′ /z becomes nonnegligible. By using (19), we can simplify the potential term as
where
With (22) as the boundary condition, the solution is given in terms of Hankel function as usual,
The power spectrum of the curvature perturbation is then given by
Using the asymptotic formula lim x→0 H
(1)
−ν , we obtain
and the spectral index is then n s − 1 = 3 − 2ν. For given n s from observations,
For instance, for n s = 0.96, we can choose α = 0.02 or −3.02. However, as we discussed in the previous section, the analytic solution for α = 0.02 is not an attractor solution. In addition, we should be careful for a possible evolution of the curvature perturbation on superhorizon scales [17] . Indeed, we confirmed that
1 a −3+2ν evolves for α = 0.02, but approaches to constant for α = −3.02. Though α = −3.02 is viable, this choice is nothing but standard slow-roll approximation.
Alternatively, we can examine the behavior of the curvature perturbation in superhorizon regime
The formal solution for this equation is given by
where A k and B k are integration constants. Since ζ k ∝ v k /z, the first term expresses the constant mode of the curvature perturbation. For the slow-roll inflation, the integral in the second term yields decaying mode, thus only first term remains, and as a result the curvature perturbation is conserved outside the horizon. However, this is not necessarily the case for the fast-roll inflation, as we shall see below.
We can perform the integral in the second term analytically. The result is
where u(a, b, c; x) is a solution for the hypergeometric differential equation:
It has two independent solutions and the solutions that converge for x ≫ 1 are expressed in terms of the hypergeometric function. (i) For Re(a + b − c) > 0, two solutions are and (ii) for Re(a + b − c) < 0,
For our case (30), the case (i) amounts to −3 < α < 0 and the integral is evaluated by x 3/2 u 1 ≃ const and
. Therefore, the first solution gives a constant mode, which is absorbed in the definition of A k , and the second one is a decaying mode for −3 < α < −3/2, or a growing mode for −3/2 < α < 0. On the other hand, the case (ii) amounts to α < −3, 0 < α and two solutions behave as x 3/2 u 3 ≃ const and
2(3+α) . These asymptotic behavior of two solutions are the same with the case (i). The first solution gives a constant mode while the second one is a decaying mode for α < −3, or a growing mode for α > 0.
In summary, on superhorizon regime the curvature perturbation has two modes which asymptotically approach to const, and cosh
respectively. The latter one is a decaying mode for α < −3/2, but it is a growing mode for α > −3/2.
In comparison with the slow-roll inflation, where we always have a constant mode and a decaying mode outside the horizon, we may have a growing mode in the fast-roll inflation. This is because ǫ 1 decays as a −2(3+α) , which is faster than a −3 for α > −3/2. As a result, ζ ≃ dt/(a 3 ǫ 1 ) grows in this case. This situation is similar to what happens in the chaotic new inflation model where curvature perturbation grows anomalously in between chaotic and new inflation stages [18] To confirm our discussion above, we numerically integrated (20) with analytic solution for the background quantities derived in the previous section. The result is shown in Fig. 3 . In the left panel, we present the result for α = 0.02. The solid blue line represents the amplitude of the curvature perturbation |ζ k | of the mode k = 10a ini H ini . The red dashed line expresses (k/aH) 2 and yellow dotted line is (z ′′ /z)/(aH) 2 . The mode crosses the horizon at N ≃ 3. Two dotted-dashed lines are asymptotic analytic solution for the curvature perturbation. The pink dotted-dashed line is the one for the subhorizon evolution, which is proportional to (a
The green dotted-dashed line is the one for the superhorizon evolution, which is proportional to cosh 3+2α 3+α [(3 + α)M t]. We see that the curvature perturbation switches its evolution at the horizon crossing, and continuously evolves even on the superhorizon regime. On the other hand, as depicted in the right panel of Fig. 3 , for α = −3.02 the curvature perturbation remains constant after horizon exit, as expected.
The situation above is similar to the generalized ultra-slow-roll inflation [17] , which also has a growing mode and results in the unwanted amplification of the curvature perturbation outside the horizon. Combined with the observational value of the amplitude of the scalar power spectrum, this growth of the curvature perturbation should be compensated by imposing extremely small energy scale of inflation, at least M ≃ 10 −42 M Pl . This is much smaller than the BBN bound M > O(MeV). This is also the case for the fast-roll inflation. Thus, the growing mode of the curvature perturbation makes it difficult to build a physically relevant model of the fast-roll inflation which explains the observational results of the normalization and the tilt of the power spectrum for the curvature perturbation at the same time.
IV. CONCLUSION
We constructed a novel exactly solvable models of scalar potential for cosmic inflation. We call it the fast-roll inflation since the even slow-roll parameters can be order of unity while the odd slow-roll parameters are asymptotically negligible. However, it turned out it is difficult to explain observed Universe due to the anomalous evolution of curvature perturbation. That is, for the model parameter which yields slightly red-tilted spectrum, curvature perturbations grow outside the horizon. In order to reproduce the observed amplitude of fluctuations even in the presence of such growth, we need extremely low energy scale of inflation, which is much smaller than BBN bound. In conclusion, while the fast-roll inflation is of interest as new exactly solvable case with non-slow rolling of the inflaton, it is not observationally feasible.
